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We do not have to use all values of k, since if k is a composite number,
then 2k − 1 is also composite.∗

Using Euclid’s method for generating perfect numbers, we get the follow-
ing table:

Values of 2k−1�2k − 1� when 2k − 1
Values of k is a prime number

2 6
3 28
5 496
7 8,128

13 33,550,336
17 8,589,869,056
19 137,438,691,328

On observation, we notice some properties of perfect numbers. They all
seem to end in either a 6 or a 28, and these are preceded by an odd digit.
They also appear to be triangular numbers (see Unit 1.17), which are the
sums of consecutive natural numbers (e.g., 496 = 1 + 2 + 3 + 4 + · · · +
28 + 29 + 30 + 31�.

To take it a step further, every perfect number after 6 is the partial sum of
the series: 13 + 33 + 53 + 73 + 93 + 113 + · · · . For example, 28 = 13 + 33,
and 496 = 13 + 33 + 53 + 73. You might have your students try to find the
partial sums for the next perfect numbers.

We do not know if there are any odd perfect numbers, but none has been
found yet. Using today’s computers, we have much greater facility at
establishing more perfect numbers. Your students might try to find larger
perfect numbers using Euclid’s method.

∗ If k = pq, then 2k − 1 = 2pq − 1 = �2p − 1��2p�q−1� + 2p�q−2� + · · · + 1�. Therefore, 2k − 1 can
only be prime when k is prime, but this does not guarantee that when k is prime, 2k − 1 will also
be prime, as can be seen from the following values of k:

k 2 3 5 7 11 13

2k − 1 3 7 31 127 2,047 8,191

where 2�047 = 23 � 89 is not a prime and so doesn’t qualify.
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1.14 Friendly Numbers

What could possibly make two numbers friendly? Your students’ first
reaction might be numbers that are friendly to them. Remind them that
we are talking here about numbers that are “friendly” to each other. Well,
mathematicians have decided that two numbers are considered friendly
(or as often used in the more sophisticated literature, “amicable”) if the
sum of the proper divisors of one equals the second and the sum of the
proper divisors of the second number equals the first number.

Sounds complicated? Have your students look at the smallest pair of
friendly numbers: 220 and 284.

The proper divisors of 220 are 1� 2� 4� 5� 10� 11� 20� 22� 44� 55, and 110.
Their sum is 1+ 2+ 4+ 5+ 10+ 11+ 20+ 22+ 44+ 55+ 110 = 284.

The proper divisors of 284 are 1, 2, 4, 71, and 142, and their sum is
1 + 2 + 4 + 71 + 142 = 220.

This shows the two numbers are friendly numbers.

The second pair of friendly numbers to be discovered (by Pierre de
Fermat, 1601–1665) was 17,296 and 18,416:

17�296 = 24 � 23 � 47 and 18�416 = 24 � 1�151

The sum of the proper factors of 17,296 is

1 + 2 + 4 + 8 + 16 + 23 + 46 + 47 + 92 + 94 + 184 + 188 + 368

+ 376 + 752 + 1�081 + 2�162 + 4�324 + 8�648 = 18�416

The sum of the proper factors of 18,416 is

1 + 2 + 4 + 8 + 16 + 1�151 + 2�302 + 4�604 + 9�208 = 17�296



The Beauty in Numbers 25

Here are a few more friendly pairs of numbers:

1,184 and 1,210
2,620 and 2,924
5,020 and 5,564
6,232 and 6,368
10,744 and 10,856
9,363,584 and 9,437,056
111,448,537,712 and 118,853,793,424

Your students might want to verify the above pairs’ “friendliness”!

For the expert, the following is one method for finding friendly numbers.
Let

a = 3 � 2n − 1

b = 3 � 2n−1 − 1

c = 32 � 22n−1 − 1

where n is an integer greater than or equal to 2 and a� b, and c are all
prime numbers. Then 2nab and 2nc are friendly numbers.

(Notice that for n ≤ 200, the values of n = 2� 4, and
7 give us a� b, and c to be prime.)
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1.15 Another Friendly Pair of Numbers

We can always look for nice relationships between numbers. Some of
them are truly mind-boggling! Take, for example, the pair of numbers:
6,205 and 3,869.

Guide your students to do the following to verify these fantastic results.

6�205 = 382 + 692 and 3�869 = 622 + 052

Notice the pattern and then follow with these numbers:

5�965 = 772 + 062 and 7�706 = 592 + 652

Beyond the enjoyment of seeing this wonderful pattern, there isn’t much.
However, the manner in which this is presented to the class can make all
the difference!

1.16 Palindromic Numbers

It is sometimes nice to show your class some amusing mathematics that
parallels amusing word games. Think of it not as time wasted, but rather as
time spent to motivate youngsters to like mathematics more. A palindrome
is a word, phrase, or sentence that reads the same in both directions. Here
are a few amusing palindromes:

RADAR
REVIVER
ROTATOR

LEPERS REPEL
MADAM I’M ADAM
STEP NOT ON PETS

NO LEMONS, NO MELON
DENNIS AND EDNA SINNED
ABLE WAS I ERE I SAW ELBA

A MAN, A PLAN, A CANAL, PANAMA
SUMS ARE NOT SET AS A TEST ON ERASMUS
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Palindromic numbers are those that read the same in both directions. This
leads us to consider that dates can be a source for some symmetric inspec-
tion. For example, the year 2002 is a palindrome, as is 1991.∗ There
were several dates in October 2001 that appeared as palindromes when
written in American style: 10/1/01, 10/22/01, and others. In February,
Europeans had the ultimate palindromic moment at 8:02 p.m. on February
20, 2002, since they would have written it as 20.02, 20-02-2002. It is a
bit thought provoking to have students come up with other palindromic
dates. You might ask them to list the palindromic dates closest to one
another.

Looking further, the first four powers of 11 are palindromic numbers:

111 = 11

112 = 121

113 = 1�331

114 = 14�641

A palindromic number can be either a prime number or a composite num-
ber. For example, 151 is a prime palindrome and 171 is a composite
palindrome. Yet with the exception of 11, a palindromic prime must have
an odd number of digits. Have your students try to find some palindromic
primes.

It is interesting to show students how a palindromic number can be gen-
erated from any given number. All they need to do is to continually add
a number to its reversal (i.e., the number written in the reverse order of
digits) until a palindrome is arrived at.

∗ Those of us who have lived through 1991 and 2002 will be the last generation who will have
lived through two palindromic years for over the next 1,000 years (assuming the current level of
longevity).
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For example, a palindrome can be reached with a single addition such as
with the starting number 23:

23 + 32 = 55� a palindrome

Or it might take two steps, such as with the starting number 75:

75 + 57 = 132 132 + 231 = 363� a palindrome

Or it might take three steps, such as with the starting number 86:

86+68=154 154+451=605 605+506=1111� a palindrome

The starting number 97 will require six steps to reach a palindrome, while
the number 98 will require 24 steps. Be cautioned about using the starting
number 196; this one will go far beyond your capabilities to reach a
palindrome.

There are some lovely patterns when dealing with palindromic numbers.
For example, numbers that yield palindromic cubes are palindromic them-
selves.

Students should be encouraged to find more properties of palindromic
numbers∗—they’re fun to play with.

∗ One source for more information on palindromic numbers is A. S. Posamentier and J. Stepelman,
Teaching Secondary School Mathematics: Techniques and Enrichment Units, 6th ed. (Upper Saddle
River, NJ: Prentice Hall/Merrill, 2002), pp. 257–258.
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1.17 Fun with Figurate Numbers

How can numbers have a geometric shape? Well, although the numbers
do not have a geometric shape, some can be represented by dots that can
be put into a regular geometric shape. Let’s take a look at some of these
now.

Students should notice how the dots can be placed to form the shape of a
regular polygon.

From the following arrangements of these figurate numbers, you ought to
be able to discover some of their properties. It ought to be fun trying to
relate these numbers to one another. For example, the nth square number is
equal to the sum of the nth and the (n − 1)th triangular numbers. Another
example is that the nth pentagonal number is equal to the sum of the nth
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square number and the (n− 1)th triangular number. There are lots of other
such relationships to be found (or discovered!).

TRIANGULAR NUMBERS

15 10 63   1 

SQUARE

 

NUMBERS

25 16 9 4  1 

PENTAGONAL NUMBERS

35 22 12 5 1 

HEXAGONAL NUMBERS

45 28 15 6  1 

We can introduce students to oblong numbers, which look like n(n + 1),
or rectangular arrays of dots such as

1 � 2 = 2

2 � 3 = 6

3 � 4 = 12

4 � 5 = 20

5 � 6 = 30
���
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So here are some relationships involving oblong numbers; although exam-
ples are provided, your students should find additional examples to show
these may be true. The more sophisticated can try to prove they are true.

An oblong number is the sum of consecutive even integers:

2 + 4 + 6 + 8 = 20

An oblong number is twice a triangular number:

15 � 2 = 30

The sum of two consecutive squares and the square of the oblong between
them is a square:

9 + 16 + 122 = 169 = 132

The sum of two consecutive oblong numbers and twice the square between
them is a square:

12 + 20 + 2 � 16 = 64 = 82

The sum of an oblong number and the next square is a triangular number:

20 + 25 = 45

The sum of a square number and the next oblong number is a triangular
number:

25 + 30 = 55

The sum of a number and the square of that number is an oblong number:

9 + 81 = 90

Your students should now discover other connections between the various
figurate numbers presented here.
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1.18 The Fabulous Fibonacci Numbers

There aren’t many themes in mathematics that permeate more branches
of mathematics than the Fibonacci numbers. They come to us from
one of the most important books in Western history. This book, Liber
abaci, written in 1202 by Leonardo of Pisa, more popularly known as
Fibonacci (1180–1250),∗ or son of Bonacci, is the first European publi-
cation using the Hindu–Arabic numerals that are the basis for our base
10 number system. This alone would qualify it as a landmark book. How-
ever, it also contains a “harmless” problem about the regeneration of
rabbits. It is the solution of that problem that produces the Fibonacci
numbers.

You might have your students try to set up a chart and solve the problem
independently before progressing further. It may be stated as follows:

How many pairs of rabbits will be produced in a year, beginning
with a single pair, if in every month each pair bears a new pair,
which becomes productive from the second month on?

It is from this problem that the famous Fibonacci sequence emerged. If
we assume that a pair of baby (B) rabbits matures in one month to become

∗ Fibonacci was not a clergyman, as might be expected of early scientists; rather, he was a mer-
chant who traveled extensively throughout the Islamic world and took advantage of reading all
he could of the Arabic mathematical writings. He was the first to introduce the Hindu–Arabic
numerals to the Christian world in his Liber abaci (1202 and revised in 1228), which first cir-
culated widely in manuscript form and was first published in 1857 as Scritti di Leonardo Pisano
(Rome: B. Buoncompagni). The book is a collection of business mathematics, including linear and
quadratic equations, square roots and cube roots, and other new topics, seen from the European
viewpoint. He begins the book with the comment: “These are the nine figures of the Indians 9 8 7 6
5 4 3 2 1. With these nine figures, and with the symbol 0, which in Arabic is called zephirum, any
number can be written, as will be demonstrated below”. From here on, he introduces the decimal
position system for the first time in Europe. (Note: The word “zephirum” evolved from the Arabic
word as-sifr, which comes from the Sanskrit word, used in India as early as the fifth century,
“sunya,” referring to empty.)
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offspring-producing adults (A), then we can set up the following chart:
Number Number
of pairs of pairs
of adults of babies Total

Month Pairs (A) (B) pairs

January 1 A 1 0 1
��

February 1 A B 1 1 2
�� 

March 1 A B A 2 1 3
✚✚

April 1 A B A A B 3 2 5
✪✪ ❊❊ �� ❏❏

◗◗◗
May 1 A B A A B A B A 5 3 8

�� ✁✁ ✪✪ ✄✄ ❈❈ �� ❈❈ ❊❊
June 1 A B A A B A B A A B A A B 8 5 13

July 1 13 8 21

August 1 21 13 34

September 1 34 21 55

October 1 55 34 89

November 1 89 55 144

December 1 144 89 233

January 1 233 144 377

The number of pairs of mature rabbits living each month determines
the Fibonacci sequence (column 1): 1� 1� 2� 3� 5� 8� 13� 21� 34� 55� 89,
144� 233� 377� � � � .

If we let fn be the nth term of the Fibonacci sequence, then

f1 = 1
f2 = 1
f3 = f2 + f1 = 1 + 1 = 2
f4 = f3 + f2 = 2 + 1 = 3
f5 = f4 + f3 = 3 + 2 = 5

���
���

fn = fn−1 + fn−2 for n an integer ≥ 3

That is, each term after the first two terms is the sum of the two preceding
terms.





Index 275

triangles (cont’d)
Pascal, 259–262
placement of two, 178–179
scalene, 202

triangular numbers, 23, 29, 104–107
trigonometric fallacy, 211–212

unexpected result, 239–241
unsolved problems, 236–238
unusual number relationships, 13

using extremes, 83

Wallace, William, 187
where in the world are you, 251–253
Wiles, Andrew, 236
working backward, 84–85
worst case scenario, 97
worthless increase, 219–220

zephirum, 32



About the Author

Alfred S. Posamentier is Professor of Mathematics Education and Dean
of the School of Education of the City College of the City University
of New York. He is the author and co-author of numerous mathematics
books for teachers and secondary school students. As a guest lecturer, he
favors topics that enrich the learning experience of youngsters, including
mathematics problem solving and the introduction of uncommon topics
that demonstrate the beauty of mathematics. Posamentier is also a fre-
quent commentator in newspapers on topics relating to mathematics and
its teaching. The development of this book reflects these penchants and
grew out of his desire to bring some refreshing motivational ideas into the
regular classroom instruction.

After completing his A.B. degree in mathematics at Hunter College of the
City University of New York, he took a position as a teacher of mathemat-
ics at Theodore Roosevelt High School in the Bronx (New York), where
he focused on improving the students’ problem-solving skills and, at the
same time, enriching their instruction far beyond what the traditional text-
books offered. Posamentier also developed the school’s first mathematics
teams (both at the junior and senior level). This endeavor resulted in the
establishment of a special mathematics class designed to provide students
with an opportunity to explore familiar topics from an unusual viewpoint
and to study topics not a part of the secondary school curriculum yet
eminently within the scope of an above-average high school student. He
is involved in working with mathematics teachers, nationally and interna-
tionally, to help them maximize their effectiveness.

Immediately upon joining the faculty of the City College (after having
received his masters’ degree there), he began to develop in-service courses
for secondary school mathematics teachers, including such special areas
as recreational mathematics and problem solving in mathematics.

276



About the Author 277

Posamentier received his Ph.D. from Fordham University (New York) in
mathematics education and has since extended his reputation in math-
ematics education to Europe. He has been visiting professor at several
European universities in Austria, England, Germany, and Poland, most
recently at the University of Vienna and at the Technical University of
Vienna. At the former, he was a Fulbright Professor in 1990.

In 1989, he was awarded as an Honorary Fellow at the South Bank Uni-
versity (London, England). In recognition of his outstanding teaching, the
City College Alumni Association named him Educator of the Year in 1994
and had the day, May 1, 1994, named in his honor by the City Council
President of New York City. In 1994, he was also awarded the Grand
Medal of Honor from the Federal Republic of Austria, and, in 1999, upon
approval of Parliament, the President of the Federal Republic of Austria
awarded him the title of University Professor of Austria.

Now after 33 years on the faculty of the City College, Posamentier still
seeks ways to make mathematics interesting to both teachers and students
and sees this book as another medium to reach his objective.



If you like this book, 
you’ll LOVE the membership!

JOIN ASCD TO GET OUR AWARD-WINNING RESOURCES ALL YEAR LONG!

® ASSOCIATION FOR SUPERVISION AND CURRICULUM DEVELOPMENT

1703 North Beauregard Street  Alexandria, VA 22311-1714  USA

Founded in 1943, the Association for Supervision and Curriculum Development (ASCD) 
is an international, nonpartisan, not-for-profit education association dedicated to the success 
of all learners. ASCD provides many services to educators—kindergarten 

through grade 12—as well as others in the education community, including 
administrators, school board members, university professors, and parents.

ASCD membership is a convenient, low-cost way to stay current 
on the best new ideas for K–College educators. ASCD member benefits 
include the following:
◆ Educational Leadership magazine—Eight issues of our flagship 

publication, read by over a quarter-million educators worldwide
◆ Education Update newsletter—Eight issues of the newsletter that 

keeps you up-to-date on news and trends in education, as well 
as ASCD activities and events

◆ Curriculum Update newsletter—Four issues of an award-
winning newsletter reporting education trends, research 
findings, programs, and resources in specific grade 
levels and subjects

◆ Newly published Member Books on topics critical to 
K–College educators, delivered to you throughout the year

◆ Low Member Prices on resources and meetings, saving you 
a bundle throughout the year on your professional development 
resources and activities

◆ Around-the-clock online access to major ASCD publications, 
including searchable back issues of Educational Leadership and 
Education Update and a vast archive of other educational resources 

◆ Access to ASCD Networks and Affiliates—special groups 
which offer learning opportunities and networking 
with colleagues

JOIN TODAY!

BECOMING AN ASCD MEMBER IS QUICK AND EASY! 
Check out our membership site on the Internet: www.ascd.org

or
Call (toll-free in the United States and Canada): 
800-933-ASCD (2723) or 703-578-9600

BookMmbrAd/7x9  7/8/02  12:08 PM  Page 1




