

















Heck yorself aniswers

INTEGRATION

XX
1 (@ f)=xc+D=f0)=73+%3+c
4 3
Whenx =1,y = lgvingc =% sof) =5 +5 + 5
(b) ' =K-1)Bx+5 =f)=3x+ 2~ 3-5¢-3
() f'() =6e*=f(x) =2e*+ 1
2 (a) jABw/ﬂl+x)dx:3J4(x%+x%)dx
0 0
3 374
ot R EEEE
b [ Esdge= Cuoaa= 24 2] -2
Jz IS .Jz [2 XZJZ 9
_ iy B
L+ [l 4, 4 :[,L,l,i] _1
© j x* dx J_z ‘\x2+x3+x“/]dx x ok 3], ¢
(d) Jrz(IOXfex)dx = [SXZ—e ]3 =-e’+e+40
1
1
3 (a) Area required = L(l —x2 + xYdx = [X7%3 + %5]0 = :%

(b) Area required = j 2e7dx = [ 2e'X] =-20"'-e')=2e-e")
-1 -1

4 To find the area you need to do the integral in two parts.

-l 45

AreaI:J (® = x* - 4x + 4)dx = {X—*X—*2X2+4XJ =4
-2 3 5

il

Area2—‘j o - &2 —4x+4)dx‘ ‘[%—%—2x2+4x]2‘:|1—7|: =

So the total area required = 1—72 + =5
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INTEGRATION (page 34)

5 The two graphs intersect when
%: X -4+3=0=>xk-Hx-3)=0=>x=1,x=3

Whenx =1,y =3 and whenx =3,y = 1. 3
The volume of revolution about the y-axis = j x*dy
The area is between x = %aznd x=4-y. !

3
The volume required = © Jr 4-yidy-m Jr (ilzdy
1 1

: 9
nj(16—8y+yz—F)dy
1

_ 2, U 2]3
rr,[léy 4y+3+yl
_8n
3
6 The two graphs intersect when x(4 — x) = x
- =x=x-3x=0=x(x-3)=0=x=0,x=3
Thus the point of intersection is the point (3, 3).
The volume generated when the shaded region is rotated about the x-axis

=% 3(x(4 —x)2dx - 3xzdx == J 3(xA - 8¢ + 16x3)dx - fxzdx
0 0 0 0

5 4 373 373 1087
=q| X 84 X_:| 71'5|:X_:| =
[5 84 +163 0 3 1y 5
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TRIGONOMETRY (page 41)

2cos? + 3sinx = 0 = 2(1 - sin*) + 3sinx = 0 = 2sin’ - 3sinx—2 =0
Factorising the quadratic gives:

(2sinx + lI)(sinx -2) =0=sinx = —% or2

siny = -3 = x = -30° (or 330°) from the calculator and 180° + 30° = 210°, as
the sine function is also negative in the third quadrant.

The equation sinx = 2 has no solutions (since -1 < sin x < 1).

x = 210° 330°

2 F(cosa + pisina) = uW
Substitute # = tanl then F(cosa + tanisina) = Wtani
Substitute $2 for tani to give F(cosa + _sm/lsma) = Wsinj
cosi cosi cos,
which leads to F(cosacosd +sinasind) = Wsind
Hence Fcos( —4) = Wsin. = F = —Wsind
cos(a — 1)
3 sin38 = sin(20 + ) = sin26cosf + sinfcos28
= 2sinfcos?@ + sind(1 — 2sin?9)
= 2sind(1 — sin®9) + sind(1 - 2sin?))
= 3sinf - 4sin’¢
Substituting into the equation sin38 — 2siné = 0 gives
3sind — 4sin’@ - 2sinf = 0
sind — 4sin*@ = 0
sind(1 - 4sin’)) = 0 = sind = 0 or sin?) = § = sind = -3, 1.
Now sinf = 0 =8 = 0, 180°, 360°
sind = -3 =6 = 210° 330°
sin@ = 3 = 6 = 30°, 150°
Hence 8 = 0, 30°, 150°, 180°, 210°, 330°, 360°.
4 2sinf + sin20  2sinf + 2sinfcos®  2sinf(1 + cosf)  2sinf(1 + cosb)
1 -cos20 |- (cos—sin®@) | —cos?@ + sind  2(1 — cos?)
_ __sinf(l + cosf) _ _ sind
(1 = cosf)(1 + cos) 1 - cosd
5 Consider the expression under the cube root sign.
sind sind  _ _ sinfdsin® _ sin%0
1 + cot?d cos®®  sin’@ + cos?d
1+ ==
sin?@
/ ind .
So 3/—30Y _ _ jng
1 + cos?@
6 Using radian measure: B
arc length = rg = 12 (i)
sector area = 'é r’0 =54 (i)
Divide (ii) by (i) to give r = 9cm. A
Substitute for r into (i) to give § = % = 1.33 radians.
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TRIGONOMETRY (page 41)

7

8

_ L mt
h—'5+351n6

High tide (h = 8 m) occurs when sinrgt =1

mt W 5T
=g =73, -=t=315

High tide occurs at 0300 hours and 1500 hours.
Low tide (i = 53 = 2m) occurs when sin%t = —1

o =
nt 3w Tn

=% =2 2,4..=>t:9,2l

Low tide occurs at 0900 hours and 2100 hours.

Tide height of 6m = 3Sln? =l=t= ésm" L = 0.65 (from calculator).

From the sketch, the graph is rising at thls tlme (positive slope) so the time is

approximately 0040 hours.

8
5
25
T
2
0
0 6 12 18 24
Time
_ : _ _ _ 1 _ 50 2r
Arc length = r8, perimeter = 2r + r = 50, area = 5. Now 6 = from
the perimeter and so the area is %rz(so—;zr) = 25r—r% Differentiating to find

a maximum gives g—? =25-12r, solving% = 0 givesr = 12.5. Forr = 12.5,

8 = 2. So the largest sector area is when the radius is 12.5 cm and the angle
is 2 radians.

5cosx — 12sinx is equivalent to Rcos(x + @) = Rcosacosx — Rsinasin x.

So 5 = rcosa and 12 = rsina, giving R = V5% + 122 = 13 and a = tan™! ——
= -22.6° (from the calculator). However, since sina and cosa are posmve
the required value for @ is 67.4°. Hence 5cosx — 12sinx = 13cos(x + 67.4°).
The maximum value of f(x) is 13 and the minimum value is —13.

— 1 _ A =1 = <in-! — o
(a) cosectd = 4 ey 4 = sinf = 7.0 = sin"'0.25 =14.47°.
Also 180° — 14. 47° 165.53°.
1 — 1 _ o
(b) sec2f =5= m =5=>cos20 =5.20 = cos'0.2 = 78.46
1

so € = 39.23°. Also 180° —39.23° = 140.77°, 180° + 39.23° = 119.23°
and 360° - 39.23° = 321.77°.
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SEQUENCES AND SERIES (page 45)
1 S,=2n+3n

S, = S, + u, by definition since

S,=uy+uy +us+ ... +u,_;+u,

U, =S, =S,_ 1 =2n*+3n-{2n -1+ 3n- 1)} = 4n-1

Sou, =4n+ 1

Foran APu;=a=4xX1+1.:.a=5

Ww=a+d=4x2+1=d=14
.
2 (@) us=ar'=1.08u=ar=40s0%- = = L& = 0,027 = r =03

(b) Since r = 0.3 and ar = 40 then the first term, a = %

(c) Sincelr] < 1thenS, = —= ——=— =

I-r 1-03 21
- "
(d) The sum of the first n terms = 40001 - (0.3)7 _ %(I -0.3")
3x0.7
So'S,- S, = 40 (1 031 - 4900

Thus |S, - S.| < 0.001 provided (0.3)" < %%+ = 0.000005
Use trial and error for values of n to find n = 11 satisfies the inequality.
3 (1+397%=1+(=2)3% + "2)2‘!’3)‘3;02 + (’2)(}3!)(74)&)4

=1-6x+ 27x* - 108x* + ... . . .
The series converges provided that -1 < 3x < 1 = -3 <x< 3o0r|y < 3

. 1 . 1
Comparing ———— with ———, x = 0.01.
P 8 (1 + 3x)? (1.03)?
Substitute x = 0.01 in the above approximation to give:

= 1-6x001+27x0.01>-108%0.01%

1.032
=1-0.06 + 0.0027 — 0.000 108

So any further terms will be negligible to 3 s.f.
= 0.942592 = 0.943 to 3 s.f.

Hence !
1.0

32
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SEQUENCES AND SERIES (page 45)

4 Expanding to the given degree of approximation:

Ly

(- 40 =1 + Lean + %(74;()2 = 1- 20— 2

] 1 (%)(7%) 2 2
(1 +393 =1+ 303 + T 3x)* =1+ x-x
407 =1 e+ 20
Thus:

1 1 1 1 1
1—-4072(1 + 363 = (1 —4x)2(1 + 303(1 + %2

(I + 07

=(1-2¢-23)(1 + x =) - 3x + 322

= (1 -2¢-28)(1 + 3x - 3% (neglecting ¥* and higher powers)
= (1-2¢=23)(1) + (1 - 2= 20) 3x = (1 = 2x - 2) g2
=1-2x+ %x —-x% - %xz (neglecting ¥* and higher powers)

=1- %x - %xl
5 (a) The series is geometric.
a=100,r=0.95s0 uy =100x0.9" = 13.5085 to 4 d.p.
_ 20
Sy = loo‘%) = 878.4233 to 4 d.p.
(b) The series is arithmetic.
a=5d=7s0Uy=5+ 21 -1)x7=138
Sy = %X20(2><5+ (20-1) X7 = 1430
6 (1+202=1+ (-2)20 + "2)2‘!’3)‘2;()2 + "2)"33!)"4)
=1-4x + 12¢* =32 + ...
The series will converge for -1 < 2x < 1 i.e. —% S % .

(2x)° + ...
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FUNCTIONS (page 50)

108

(a)
(b)

(c)

(a)
(b)

(c)

fx >3+ 1=fx) =3x+1,gx >x*-2=gK =x>-2
So fg(x) = f(g(x) = 3(g(x)) + 1 =3(x* -2) + 1 =38 -5
A sketch of y = 3x? — 5 reveals that the range of fg is [-5, e].

y

y=3¢-5
0 X
-5

To find the inverse of f, lety = 3x + 1.
Thenx = (y—1)sof'(x) = $(x~ 1)

The equation f~'(x) = g(x) = %(x -1 =x-2
=3%-x-5=0

Solving this quadratic (using the formula) gives

x=4(1 = V6I) =-1.14,1.47

f(x) = $x* and g(x) = x - 2 so f(g(x)) = §(x - 2)°.

Lety = §x%, then * = 3y sox = %3y, hence f'(x) = ¥/3x.
Lety =x-2,thenx=2+ysog'(x) =2 + x.

First, determine the inverse (fg)™' of the composite function fg(x) = —;(x -2)%
Lety = $(x-2) then3y = x- 2> =x =2 + V3y

So (fg)'(x) = 2 + ¥/3x.

Now determine the composite function.

g =g (') =2+ ) =2 + V3x

So (fg)™' = g 'f".
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(d) A reflection in the x-axis simply makes all the
original y-values negative i.e. —% and the
X

translation of +2 units parallel to the x-axis
means x is now replaced by x — 2 to give

FUNCTIONS (page 50)
-3 ) =2 =3 Y,
3 f(x) P and f(—x) il
So f(x) is even and its graph is symmetric with
respect to the y-axis.
(a) A translation of —1 unit parallel to the x-axis = 1
means x is replaced by x — (1) = (x + 1) 3 X
So fi(x) = (x%l)z with asymptotes x = -1 and @
y = 0.
(b) The original values of y are simply increased by I~
2 units so f,(x) = X—gz + 2. The asymptotes are ) -1 3 x
nowy = 2 and x = 0.
(c) The original values of y are simply doubled.
fa(x) = 2 x% = % The asymptotes are x = 0 2
X 0 X
L ") K
0

X
fa0) = 7( o .The asymptotes are now d Y
Y —
x=2andy = 0. 2 X
4 f(x) =m-x0<x=mnandf(x) =-sinx, T = x € 21
y
T
=f
4 y =fx)
-2 -1 A
0 B = 2n X
—1
=7

The inverse of f is only defined when the value of x corresponding to a given
value of y is unique.
This is seen only to be true in this case for y-values in the range (1, ©] and

-1, —1), corresponding to x-values in the interval [A, BJ.
B is found by solution of the equation | = T —x=x =1 - 1.
By symmetry A is the pointx = 1 — .

So the inverse only exists for | — T <x <® — 1.
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EXPONENTIALS AND LOGARITHMS (page 53)
1 (@) Att=0,C=10= Cpe’ bute® = 1so c
Co = 10 and hence C = 10e™%"", 10

(b) The graph is characteristic of the negative
exponential and passes through the points
(0, 10) and (6, 10e™*1°%¢) = (6, 4.07). Hence

the graph is as shown. 5
(c) Lett =T be the time at which C = 5. 0
Then 10e™ % = 5 = e T = 0.5. 0 2 4 6 t

Take natural logarithms to give
—-0.15T = In0.5 = T = 4.6 hours.
2 Iff(x) = e thenf(x + y) = e *Y = ee’ = f(V)f(y).

Also, [f(x))" = ()" = ™ = f(nx).
3 (a) Multiply both sides by e* to obtain e* - 4e*— 1 = 0.
Using the laws of indices, you can write this as a quadratic.
€)Y -4e--1=0

Solve, using the formula, to give e* = 2 = /5.

The only acceptable solution is e* = 2 + /5 (since the exponential

function is never negative).

Soet=2+V5=x=In@2+ V5) = 1.44

X+ 1
X

(b) In(x + 1) —Inx = 0.1 = In¢
x+ 1

) = 0.1 (using the properties of logarithms).

1
=e"'=x+1 :xe°'=>l:x(e"'—l)=>XIW=9.5I4

4 y = In3x = In3 + Inx using the properties of logarithms.
The graph of this function can be obtained from that of y = Inx by shifting it
vertically upwards by an amount In3.

5 To test for an exponential relationship of the form y = ae® plot a graph of Iny
vertically against x.

Iny

The points give a good straight line, which means that the data obey a law of
the form y = ae’. The intercept on the vertical axis = 0.69 = a = €**° = 2 and
b = sl fline — —L:830-0.60 _ 252

= slope of line = ——5—§~ = 55 = -0.1.

Thus the data obey the relationship y = 2e7%'*,
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NUMERICAL METHODS (page 57)

1 The equation can be written as f(x) = x¥* —x -1 = 0 so f(1.5) = 0.25 and
f(2) = +1. The sign change in the two function values indicates a root (solution)
in [1.5, 2]. The bisection method calculations can be set out as follows.

a f(a) b f(b) c=3a+6b) fcy  Interval width
1.5 -0.25 2 1 1.75 0.3125 0.5
1.5 -0.25 1.75 0.3125 1.625 0.0156 0.25
1.5 -0.25 1.625 0.0156 1.5625 -0.1211 0.125
1.5625 -0.1211 1.625 0.0156 1.59375 0.0537 0.0625
Since the interval width is now less than 0.1, the midpoint x = 1.593 75 can be

taken as the approximation to the root, as its maximum error is less than

O—il = 0.05 as required.

2 -x-1=0=x=1 +x=>x=l%: 1 +%sog(x): 1 +)I(4
Thus g'(x) = —Lz and |g'(x))| = I_ISZ < 1 so the iterations can be expected to
converge to a root. The iterations obtained by the graphics calculator are
shown, beginning with x, = 1.5. To 3 decimal places, the root = 1.618.
1.5 1.615384515

1.5 1.619847519
1+1-Ans= 1.&617ed7E59
f.ecececeey|  1.elBieisis
1. éig 1IE1265555¢
1.615324615 1.618825751
3 Letf(x) =x*-x—1,thenf'(x) = 2x- 1.
2y
Newton Raphson gives x, + | = X, —X”Txill
n
The iterations are as shown, starting with x, = 2.
2
P
Ans-{Ans-Ans—12
SCZ2Ans-13
1.6EEEE666T
1.619847619
¥ 1.615634445

Thus after four iterates the root can be confirmed as 1.618, to 3 d.p.
4 Inspecting the x-values shows that fi = 2. Inspecting the y-values shows
Yo =0,y, =12, ..., ys = 300. Hence the trapezium rule gives:

jmydxz 2((0 + 300) + 2(12 + 48 + 108 + 192)} = 1020
0
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FORCES (page 63)

112

The resultant force R, on the box is given by:
Ry, = Ti + Fi + Nj - 60gsin30°i — 60gcos30°j.
Since the box is on the point of sliding,

F = 0.4R where R is the normal reaction i
force. SO R, = (T + 0.4R — 60gsin30°)i F i
+ (R - 60gcos30°)j. Since the box is in

equilibrium, R, = 0 and so

T + 0.4R — 60gsin30° = 0 and

R - 60gcos30° = 0.

Solving for T gives T = 90.3 N.

(a) Pulled up the slope Sliding down the slope under gravity

s

If the high-jumper has mass m kg and the moon has mass Mkg then the force
of attraction on the athlete by the moon is given by GmM.

RZ
This is equal to his weight on the moon (say mg, where g, denotes the
acceleration due to gravity on the moon).
g =S =164
So, on the moon, the acceleration due to gravity is about éthat on the Earth
and an athlete would be able to jump about six times as high.
The lunar record would thus be approximately 6 x

23 =13.8m!

The forces acting on the two masses are shown in N T
the diagram, where F denotes the friction force. T

Since mass B is not moving, resolving vertically for

it gives: B
T=5g=49N a9

Since mass A is also not moving, resolving

horizontally for it gives: 5g
F=T=49N

Since the system is in equilibrium the forces must be
in balance.

Vertical forces: T;sin25° + T,sin50° = 3g

Horizontal forces: T,c0s25° = T,c0s50°

Solving: T, = 19.56N, T, = 27.58N.
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FORCES (page 64)

6 Since the box is just about to move the R 19.6
system is in balance.
Perpendicular to slope: R = 2gcos30°
Parallel to slope: F + 2¢sin30° = 19.6

Friction law: F = uR F
Substituting from the above gives:
_19.6-2gsin30° _ 19.6-g _ 1 30°
2gcos30° a3 V3 2g
7 Force (N) Vector
2 2i + 0j
4 4c0s60°i + 4sin60°j
1 0i - 1j
3 —3¢c0s30°i — 3sin30°j
F ai + bj
The resultant is (a +1.402)i + (b + 0.964)j so F = —1.402i + 0.964j

Magnitude = 1.73 N
Direction = tan™'0264 = 34 5°

1402
8 (a) N

1000g

(b) At maximum speed the motion is uniform so the force system balances
and P = R.

(c) N

10°
1000g

1000gsin10° = 1702N = R

At maximum speed v* + 20v - 1702 = 0
Solving for v gives v = 32.4 or -52.4.

The maximum speed reached is 32.4ms™'.
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NEMATICS IN ONE DIMENSION (page 67)

The particle accelerates uniformly from 50ms™' to 100ms™', then decelerates
uniformly from 100 ms™' to zero.

For the first part of the journey, constant acceleration = I(I)(()) — (5)0 =5ms?
For the second part of the journey, constant deceleration = !5(())0:1(())
=25ms>2

Initial velocity =50 ms™', maximum velocity = 100m s, final velocity = Oms™'.
Distance travelled = area of trapezium OABP + area triangle BPQ
% x 10 % (50 + 100) +% X 40 % 100 = 2750 m

(a) From the velocity-time graph the gradient is the acceleration = 0.5ms™2.
(b) Distance travelled = area under the graph.

(i) 4m (ii) 16m (iii) 0.25¢
(c) Distance after 12 seconds = 36 m, in the final 48 seconds he travels

48 x 6 = 288 m so the distance travelled in I minute is 324 m.

(=

Velocity (ms )

o
o

12
Time (s)

a=g¢sin30° =49, u=0andt = tsousingv=u + at gives v = 4.9tms".
The result indicates that the velocity will increase without limit as the time
increases. This is unrealistic, experience suggests that there is a limit to the
speed attained (consider downbhill skiers). Resistance effects have been
ignored.

For the first part of the journey a = 0.5, u = 0, v = 20, s, = 0 so using

V2 = u? + 2a(s — so) gives 202 = 02 + 2 0.5(s — 0)

s =400m

To find the time for the first part use v = u + at to give t = 40s.

For the second part of the journey u = 20, v = 0, s = 120,

so = 0 so using v? = u? + 2a(s — so) gives

a= —% ms2. Now use v = u + at to find t = 12.

So the total distance travelled is 520 m, the total time taken is 52's.

Using v = u + at gives a = 0.35ms™ and then
v2 = u® + 2a(s - so) gives v = 16.8ms™".
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MoTION AND VECTORS (page 70)

1 Usingr =1, + ut + Jat’ gives r = 0.75¢%i - t’j.

Whent = 3, r = 6.75i - 9j.
The length of the slide is given by:
V6.752 + 92 = 11.25m
The speed of the child at the bottom of the slide is found from v = u + at
giving v = 4.5i — 6j so the speed at the bottom of the slide is
V452 + 62 =75ms™.
2 Velocity before rebound:
u = 6sin45% + 6c0s45°% = 3V2i + 3V2j
Velocity after rebound: Vi
Vv = —5sin60° + 5c0s60% = —%i + 2.5

Average acceleration during contact:
_ change in velocity _ v-u _ 8571 — 17.4jms?

time taken T 0.1

3 (a) For the first 10 seconds the acceleration of the boatis a = 1.15i + 0.96j.
Using r = 1o + ut + 3at? gives r = 0.5756%i + 0.481%,
so after 10 seconds the position is 57.5i + 48j.
The distance travelled is ¥57.5% + 48% = 74.9m.

(b) The velocity at the end of this 10 seconds is 11.5i + 9.6j and the

acceleration is now zero. Using this fact to find the position at the end of
a further 30 seconds gives r = 402.5i + 336j and so the speedboat has
now travelled a total distance of 524.3 m.
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NEwWTON'S LAws (page 73)

116

The resultant force on the skier is:

(100 - 70gsin20°)i + (R — 70gcos20°)j

Perpendicular to the slope, the skier’s motion does not change so the
j-component of the resultant force is zero i.e. R = 70gc0s20°.
Applying Newton's second law of motion parallel to the slope gives:
70a = 100 —-70gsin20°

soa=-1.92ms>

The skier accelerates down the slope at 1.92ms™,

Ry 400
R 40
40 400
a 500g
sing =%
500g

If the acceleration of the car on the horizontal road is a then:
500a = 400 — 40, a = 0.72ms2,
Using v* = u? + 2as to find the velocity at the foot of the slope gives
v=19.7ms".
If the acceleration of the car up the slope is a, then:
500a, = 400 — 500gsina — 40, a, = —1.24ms™2,
Using v* = u® + 2as then gives
s =156.5m.
The tension is the same on either side of the P
pulley so both particles have the same R /{ T// i
AT
A
29

acceleration.
Forces on A: R = 2gcos30° = 16.97N
Applying Newton’'s second law on A: F
T — F — 2gsin30° = 2a
3

Applying Newton's second law on B: 0°
49— T = 4a

From the law of friction: 49
F=6.79

Solving these equations together gives a = 3.77ms 2 T = 24.1N.

Applying Newton's

second law on the T R
package:

T-59 = 5a, T=54N.
Model the man and
package together and
apply Newton's 59 659
second law.

R - 659 = 65a, R = 702 N.

a=1 a=1 lift floor
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MoMENTUM, COLLISIONS, MOMENTS (page 76)

I = change in momentum

=02x%(-4)-02x%6=-2Ns velocity U =6
The magnitude of the impulse is 2N's. before —
Assuming the contact force is constant, I = Ft
vghich gives the magnitude of the contact force as

[

If V is the initial velocity of the bullet, by velocity
conservation of momentum: 0.03V = 8.03 x 5 after y=-4
V= 1338ms"'
@) IR s
2m I im
A (o} 40g D B
80g

(b) IFh S1I

A c | 200 l D B

80g

(a) Since the system rests in equilibrium then the total force on the system is
zero so R + S = 120g, and the total moment on the system is zero.
Taking moments about C gives
(40g + 80g) x 1 = Sx 3,S = 40g and so R = 80g.

The reaction at C is 80g and the reaction at D is 40g.
(b) Suppose the man moves a distance x towards B. The system is still in
equilibrium:
R, + S, = 120g
Taking moments about C: 40g X 1 + 80g x (1 + x) = S; x 3
_ 1209 + 80gx
S = 3
At the instant when the plank is about to turn, contact at C will be lost
i,e. R, = 0.
Thus S, = 120g giving x = 3 m.
The man can just reach the end B before the plank topples.
The system is in equilibrium so the total force and

the total moment equal zero. Als—N
F=NandR = mg
Taking moments about the foot of the ladder: /

mglcosé = N x 2[sind
F = uR = gmgcotd = mg = cotd = 2p

. . _ 1
Solving for tand gives tan = % I / R
mg
F /6
B
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PROJECTILES (page 78)

1 The position of the projectile is give by x = 30c0s30°t, y = 30sin30°t — 0.5gt?
and the corresponding velocities are u = 30c0s30° and v = 30sin30° — gt. After
2 seconds the position is (51.96, 10.4) and the velocity components are
u = 25.98, v = —-4.6. The magnitude of the velocity is 26.38 ms™'.
The negative vertical component of the velocity indicates that the particle is
moving downwards.
2 The horizontal and vertical velocity components are u = 350cosa and
v = 350sina — 9.8t. The vertical displacement of the bullet at time t is
y = (350sina) —4.98. sina = %, cosa = =z.
At a height of 1250 m, 1250 = 210t — 4.9¢* so:
t=7.14sand t = 35.71s (up and down).
When t = 7.14, u = 280 and v = 140, so the speed is
V2802 + 140% = 313 ms™".
The angle of direction is tan"%: 26.6°.
The speed is 313 ms™' and the angle of direction is 26.6°.
3 The vertical displacement is given by y = (Vsina)t — 0.5gt*> and the vertical
velocity component is given by v = Vsina — gt.
The projectile reaches its maximum height when v = 0 giving
= Vsina

Substituting in y:

) )
y = (Vsina) VS‘% ~0.5g VS%
= V3sin’a
29

which is the required result.
4 The trajectory of the particle is:

2 2 o
y = 49 + xtan45° _gxsecids

2% 142
y =49 + x- 0.05x
Solving gives x (horizontal distance) = 42.86 and x = —22.86.
The particle lands 42.86 m from the cliff.
5 Relative to the point from which the ball is thrown, its horizontal and vertical
displacements are, respectively:
x=ut and y=vt-1gt
Hence 60 =ut and 0= vt-J gt

60 60 2
=—s0— =

Thus t m L =g = uv = 309 = uv = 294.
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(pages 85-86)

Unit is 1

3 17

4 13 8

5 {0 2 6 9
6 |0 3 4 5 5 8
712 5 6 9 9
8 13 8

The median is the middle value. This is the mean of the 10th and 11th values,
which are 64 and 65. Therefore the median is 64.5. The data are slightly
negatively skewed.

You must use a weighted mean.

- _1xX56+2x62+3x65+4x59_ 611

Xy = 1+2+3+4 =g —olI%
Here n = 18, Zx = 270, £x* = 4150. Therefore x :%:%:IS
=2 4150 152 - 5556103 dp.

n 18
Here ¥ = 2 = 152,235 to 3 d.p. and
ozzi"zfiz_”‘w'é |2588 = 1.827to 3 d.p.

3
Adjust the classes to make the data truly continuous and then calculate the
frequency density for each class.

Class boundaries Number Class width Frequency density
0-(5.5) 35 5.5 6.36
5.5-(10.5) 42 5 8.4
10.5—-(20.5) 29 10 2.9
20.5-(30.5) 45 10 4.5
30.5-(50.5) 26 20 1.3
50.5-75.5 11 25 0.44

The histogram can now be drawn.

1

Frequency density

e

0 10 20 30 40 50 60 70 Length

o N A OO © O
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HANDLING DATA (pages 85-86)

6 Calculate the percentage cumulative frequency, starting from the fact that the
total number of students is 50, which means that 50 is equivalent to 100%.
Note the addition of the first class.

Upper class | Number of | Cumulative | Percentage cumulative
boundary students frequency frequency

59.5 0 0 0

62.5 4 4 8

65.5 9 13 26

68.5 20 33 66

71.5 13 46 92

74.5 4 50 100

The percentage cumulative frequency
polygon can be drawn.

The median is the 50% value and is 67.3
from the graph.

The lower quartile is the 25% value and is
65.2 and the upper quartile is the 75% value
and is 69.9. The IQR = 4.7.

7 The median for this data set is 154 cm, the
lower quartile is 135 c¢m, the upper quartile
is 172 cm, the smallest value is 105 cm and
the largest value is 196 cm. The box-and-
whisker plot is constructed from these

-
(=]
o

@
o

D
o

'
o

n
o

Percentage cumulative frequency

0:
59.5 62.5 65.5 68.5 71.5 74.5

figures.
Mass (kg)
105 135 154 172 196

8 A box-and-whisker plot for this data set shows that the data are skewed so
therefore the best measure of location is the median and the best measure of
spread is the IQR.
median = 8, QR = 14 -5 =9

o B

45 8 14 32

9 EX) =ZxxPX=x=1%x01+2x01+3%x03+4%x03+5x%x02=34
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PROBABILITY (page 90)
1 As two events are independent, the probability is é—g X é = ﬁ
2 P(at least one tail) = 1 - P(no tails) = 1 - 3 x 3 = 3
P(multiple of 2) = 2
So probability of at least one tail and multiple of 2 :% X % = %0
3 For both sweets to be green the probability is 49 % 33 = 0.195
For the sweets to be different colours they could be taken out in the order
RG (33 % 49 = 0.2497) or GR(4g % 32 = 0.2497).
The probability they are different colours is 0.2497 + 0.2497 = 0.499.
4 (a) P(bothred) = £ x 2 =1
(b) P(different colours) = P(BR) + P(RB) = 25 x 28 + 2 x % =
(c) P(both are picture cards) = 43 % £ = 155
(d) P(first is ace and second is black) = & x 2§ = ¢
5 (a) MUMMY has three Ms so the number of distinct arrangements is % = 20.
(b) LIZZIE has two Zs and two Is so the number of distinct arrangements is
5 = 180,
(c) TIGGER has two Gs so the number of distinct arrangements is % = 360.
6 This is equivalent to selecting seven from 52 when the order does not matter

so the number of combinations is
520 = 52! _ 52x51x50%X49 X48 X47 X 46 _
T 7145] 1X2%X3%X4xX5%X6%7 -

133784560
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BIVARIATE DATA, NORMAL DISTRIBUTION (page 94)

(@) x=3,y=23145,=1414,5,=6.41,5, =78
(b) From the scatter plot there is some indication of a positive linear
) ) L _ Sw _ 8 _
relationship. This is verified by r = S, - TATA %641~ 0.8606.
(c) The equation of the line of best fit is given by

7- E:%%(x—i):/y\—BlA:%(x—B):y: 3.9¢ + 19.7
X

(@) (b) © (d

LN N N N

0 135 z -1.0 0] z o 18 Z 0 06 13 Z

(a) Using a table of the normal distribution P(z < 1.35) = 0.9115

(b) Using the symmetry of the normal curve P(z < -1.0) = 1 - P(z < 1.0)
=1-0.8413 = 0.1587
(c) Pz>185 =1-Plz<1.85) =1-0.9678 = 0.0322
(d) P0.6 <z<13)=P(z<13)-Pz<0.6) =0.9032-0.7258 = 0.1774
3 u = 10.1,0 = 0.5, standard deviation z :%
10.3 - 10.1
(@ x=103=z= — 05 - 0.4, P(x < 10.3) = P(z < 0.4) = 0.6554
(b) x=98=z= % = -0.6, P(x > 9.8) = P(z > -0.6) = 0.7258

() 99<x<104=-04<2<0.6
P(9.9 <x<10.4) =P(-0.4 <2< 0.6) =Pz <0.6)-P(z<-0.4)
= 0.7258 — (1 — 0.6554) = 0.3812
(d) Let the lengths be x; and x, with corresponding z-values of z; and z,.

P(z; < z < z,) = 0.95 and z; = -z, by symmetry and
Pz < z) = 0.5 + 0.475 = 0.975 =z, = 1.96.
Thus "’0'50" = +1.96
=x=10.1 £ 098 =x=9.12, 11.08.
The lengths required are between 9.1cm and 11.1cm (1 d.p.)
4 u=550=15:=2ZL
(@) Px>70)=P@z>1) (b) P(x < 30)=Piz>-1.67)
= 0.159 = 16% = 0.048 using symmetry
o 1 z -1.67 O] z
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(c) P30 <x<39)=P-1.67 <z<-1.07 =0.09
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